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Overview of the plan

- Make fitting formula (FF) of evolution of
extreme metal-poor (EMP) stars

- Study binary population synthesis of EMP
stars



FFs of previous studies

- //Z®=0 (Kinugawa, Inayoshi, Hotokezaka,
Nakauchi, Nakamura 2014, MNRAS, 442,
2903)

- //Z=0.005 - 1.5 (Hurley, Pols, Tout 2000,
MNRAS, 315, 543)



Kinugawa's FF

log(Ru/Re) = log(Rzams/Re) + anma + butiy
+en® + dutd, (4) (0.669345 — 1.5518(M /10 M) + 1.15116(M/10 M))?
—0.254811(M/10 Mg,))?

(10 M, € M < 20 Mg),

+0.135427(M /10 M) — 1.95541 x 10~ *(M/10 Mg)® —6.64582 x 107* (M /10 M,)?
+8.7585 x 10~ *(M/10 M)*, (1) +3.37205 x 10~ (M /10 My))?
\ (20 Mo, < M < 100 Mg),
(6)
(Rfi/Re) = 0.581309 + 2.27745(M /10 M)
+6.63321 x 107°(M/10 Mp))°, (2)
(5.63328 x 1072 — 9.88927 x 10~2(M/10 M)
(tu/Myr) = 1.78652 + 10.4323(M /10 M)~ +2.00071 x 1072(M /10 M,)?
+3.70946(M /10 M) ™% +2.04264(M/10 Mc) ™%, (3) (10 My < M < 30 Mg),
cu = ¢ —0.128025 + 3.63928 x 10~ *(M /10 M)
—5.43719 x 1073(M/10 Mg))?
(—0.430873 + 0.520408(M /10 M) +2.75137 x 107*(M /10 Mg))*
~7.99762 x 10~2(M/10 M))? | (30 Mp < M < 100 Mp),
—~3.55095 x 10~3(M/10 M)? ‘ (7)

(10 Mo, < M < 30 M),
0.476498 — 9.07537 x 10~2(M/10 M)
+1.43538 x 107 2(M/10 M) .
—6.89108 x 10~*(M/10 Mp)? di = log(Ru/Rzams) — an — bu — cu. (8)

\ (30 Mo, < M < 100 Mg),

ayg = ﬁ
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Kinugawa's FF
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Our FF

- Make FFs of Z/Z@=10-8, 107, 106, 10-5, 10-4,
10-3, similarly to Kinugawa’'s FFs

- Interpolate FFs as a function of Z

- But It Is unclear the interpolation is possible
In the range of 5 orders of magnitude.

- Note that Hurley’s interpolation range is less
than 3 orders of magnitude.



Treatment of stellar wind

. The FFs do not consider stellar wind.

. When we follow the evolution of a star with
stellar wind, the star moves from a evolution
track to another evolution track.
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Hurley's FF
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FF for each stellar type

- Main Sequence (MS)

- Hetzsprung Gap (HG)

- Glant Branch (GB)

- Core Helium Burning (CHeB)

- Early Asymptotic Giant Branch (EAGB)
- Thermally Pulsating AGB (TPAGB)

- (Supernova)

- (Remnant, such as white dwarf, neutron star, and black
hole)



Evolution of stellar type
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Evolution of stellar type
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On the MS we define a fractional time-scale

!
T=—". (1D
IMs
As a star evolves across the MS, its evolution accelerates so that it
is possible to model the time dependence of the logarithms of the

luminosity and radius by polynomials in 7. Luminosity is given by

Lys(2)

log
Lzams

= a; 7+ B+ (log Lrws —ap — BL)72

Lzams
— A(T} — 75) (12)
and radius by :

log Ruis () = agT+ B + yr
Rzams
R
+@gﬂ“—@—m—0#—wﬁ—@,
ZAMS

AL, ARizhook |43
where staric Xt
71 = min(1.0, ¢/ thook) (14)
T = max{0.0, min [1.0,’ — (1.0 Q’*‘““] } (15)

€lhook

for e = 0.01.

log(L/Le)

L Z = 0.02

0.64

4.5

3.5
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On the MS we define a fractional time-scale

T=—". (1D
IMs

As a star evolves across the MS, its evolution accelerates so t

is possible to model the time dependence of the logasi

luminosity and radius by polynomials 1 minosity is given by

ms of the

The exponent 7 = 10 in equation (12), unless Z = 0.0009 when
it is given by

(18)

with linear interpolation between the mass limits.

detailed model is illustrated by Fig. 6. The luminosity pertubation
is approximated by

(0.0 M = Mook

log Lys(2) — ayr+ B+ (log Livs o — BL) 2
Lzams Lzams
— A(7} — 75) (12)
and radius by \
log Rus®) _ arT+ Br7 + yr*
Rzawms
R
+ (logRTMS —ag — Br y)r’ ~ AR(T} — ),
ZAMS
AL, ARiZhook {3
where star (<X
71 = min(1.0, t/ hook) (14)
T = max{0.0, min [1.0, O Q"‘““] } (15)
€lhook

for e = 0.01.

0.4
) Mook <M < az3 (16)

where B = AL(a33), 1.25 < a3z = 1.6, azs = 0.4 and az; = 0.6.
The radius pertubation is approximated by

( 0.0 M = Mhook

Mook <M = as

M — as
2.0 — asn

<
as3 + (B — a43)(

asq
) an <M <20

(17)
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On the MS we define a fractional time-scale

t
T=—".
IMS

(1D

As a star evolves across the MS, its evolution accelerates so that it

is p(?ssil?le to m0d<.31 the time depe.ndeflce of the' logflrit.hms of the _p\ %L = 04 2 M M =2.0, (19a)
luminosity and radius by polynomials in 7. Luminesityisgiven by
Lys(t —
log ms () = a7+ B, 7T+ <log Lrws o — BL)72
Lzams Lzams
- AL(T} — ) (12)
and radius by Q :O—C\ZAMS_’ ~
Rus (D) CTMSIc—2K The luminosity 8 coefficient is approximated by
log = agT+ BT’ + yr¥
Rzams
R B, = max(0.0, ass — assM®®), (20)
+O%;m—w—m—0#—wﬁ ),
ZAMS 13 where as¢ = 0.96. Then, if M > as7 and 3; > 0.0,
AL, ARighook |49
where starlc Xt B, = max(0.0,B — 10.0(M — as7)B)
71 = min(1.0, /thook) (14)
here B = 3;(M = as7) and 1.25 = as7; = 1.6.
t— (1.0 — e W L
= max{0.0, min [1.0, ( - € h°°k] } (15)
hook

for e = 0.01.



MSV 1w T«

On the MS we define a fractional time-scale

T=—".
IMs

As a star evolves across the MS, its evolution accelerates so thatz

Lys(2)
Lzams

Lyms
Ly

log = ar7+ BT+ (log

7N (4

aey + (agz — ag)(M — 0.5)/0.15 05=M<0.65
_ ae3 + (aes — ae3)(M — 0.65)/(ass — 0.65)

ap =
0.65 =M < ag
ass + (B — aes)(M — aeg)/(aes — aes) ass =M < ags
L + ags(M — ag7) ag1 <M
(21b)

where B = ag(M = ags), C = ar(M = ag7), 0.8 =< ag = 1.6,
35=<ag =7.2and 0.8 = a¢ = 1.0.
The radius B coefficient is approximated by Bz = B% — 1, where

2.0=<M = 16.0, 22
- AL~ B) o
and radius by T =OTZAMS, with a7; = 3.5 and 1.4 = a74 = 1.6, and then
R T=1TTMSIc—% (1.06 M=10
!
log RMS( ) _ arT+ Br70 + yr 1.06 + (a7, — 1.06)(M — 1.0)/(azs — 1.06)
ZAMS > gl = 1.0 <M < an
R M — - - <
Cmto0  weo<i
22b
AL, ARIEZASQ (22b)
where starlc s where B = BL(M = 2.0), C = BL(M = 16.0).
T] — min(l -O, t/thook)
a6 + arr(M — agg)*” M=1.0
. t— (1.0 — ex _ ag
Ty = max{0.0, min [1.0, ( - ) h°°k] } y={ B+ (ag — B) (i‘i _ 11‘(())) 1.0 < M < ays
hook ‘ .
C —10.0\M — a5)C ars <M < aps+0.1,
for €= 001 (23)

where a9 = 9.4, ag; = 2.5, B= y(M = 1.0) and C = agp, unless
a5 = 1.0 when C = B.
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Rtvs & ReHe, MceTtms

HGD Y 1A LART—)LTHEIBIE U T
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| TMs & LEHG,
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5.1.2 Hertzsprung-gap evolution

RTMms,

During the HG we define

I — tuvs

T=

IBGB — IMsS

ReHe, McEHG

Then for the luminosity and radius we simply take

Luc = Ltms (

Lgnc

Ltvs

'

(25)

(26)

\

(27)

R T
Ruc = RTMS( EHG) :

Rtms

On the MS we do not consider the core to be dense enough with
respect to the envelope to actually define a core mass, i.e.,
M.ms = 0.0. The core mass at the end of the HG is

(M.cs(L = Lgcp) M < My
M.guc = { McBcB Myer = M < Mkgs (28)
| M Hel M = Mggs,

where M. e, M. s and M. y.; will be defined in Sections 5.2
and 5.3. At the beginning of the HG we set M. tvs = pM gyg;
where

1.586 + M>%

_ , 29
2.434 + 1.02M>% (29)

p

and simply allow the core mass to grow linearly with time so that
M.nc = [(1 — 7)p + 7IM_ gHG- (30)

If the HG star is losing mass (as described in Section 7.1), it is
necessary to take M, yg as the maximum of the core mass at the
previous time-step and the value given by equation (30).
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CHeBZ7 1« v« > 7 n(]

—_ The lifetime of CHeB is given b
‘ LiCcDWT ‘ s

T [ tHe THRIRAL U 7B {b3g + [trems (M) — bol(1 — )P}

Then the luminosity during CHeB is modelled as

IHe = 57

; by MP2 + by M

BGB bas + M
T xldblueh s & i
?(IJ, —g_fd:btj Tx=o

_ bouM + (szM)bzeszs
~» Rype = by + MO M = Myer. (35)
RzaHB M < Myer

(60)




CHeBZ7 4« v« >IN (2

RE=lSd

The actual minimum radius during CHeB is Ry =
min(Rmye, Ry), because equation (55) for Ryp. can give a value
that is greater than R, (this property is used, however, to compute
& above). Furthermore, we define 7, as the relative age at the end
of the blue phase of CHeB, and L, and Ry, as the luminosity and
radius at 7 = 7,. Hence 7, = 1 for LM and IM stars, and 7, = 7y
for HM stars. L, is given by equation (61) (L, = Lgacs for M =
Mrxgg), and Ry = RagB(Ly). The radius during CHeB is modelled

(64)

T yldblueh“i&1o 5 KF%
("y - "). (65)
'Ty - Ty

RyIFAGBTOHEDEFEN ST SN BIE

MreB TDORmHe P LHaZE R D INENH DD, , |

The lifetime of CHeB is given by

([ {b3o + [trems(Mc) — bo](1 — )P}
X[1+ a4 exp 15(M — Myer)] M < Myer

) b41Mb42 + b43M5
\ BoB bas + M

THe = ¢ (57)

M = Mycr

with ay = [tye(Myuer) — b3g]/b3g. The term involving fyems(M.)
ensures continuity with the lifetime of a naked helium star with
M = M, as the envelope mass vanishes. The lifetime of the blue
phase of CHeB relative to ty. depends in a complicated way on M
and Z; it is roughly approximated by

(1 M < Myer

b ( M ) 0.414+ (lo M ) bas
(03
®\M FGB b\ 08 M¥cs

Myer = M = Mggp

Tol = <

S (M)

1—05
L& ) o (MEGB)

M > Mg,
(58)

truncated if necessary to give 0 = m, = 1, where

o — . b45 (MHCF)OAM (log MHeF) —bss
Mrcp Mr¥cs

and
} D49

R mHe (M )
RacB[Lue1(M)]

fo(M) = M {1 -




CHeBZ7 4 v« > 2% (3

‘MC(;CO LN C ‘

The core mass M, g at helium ignition is given by the M .—L
relation for LM stars, while for M = My.r the same formula can
be used as for the BGB core mass (equation 44), replacing
M. [Lggs(Myer)] with M. [Ly.i(Myer)] to ensure continuous
transition at M = Myer. For M > 3Mp, M.y 1s nearly equal
to M. sge. The core mass at the BAGB point is approximated by

1
M_gacs = (b3sM® + bsg)4, (66)

where by =~ 4.36 X 1074, by; = 5.22 and bsg =~ 6.84 X 1072. In
between, the core mass is taken to simply increase linearly with time:

M.=(1- T)Mc,HeI + TMC,BAGB' (67)
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EAGB7 v 71

|[Eggleton®Mc-LE8% |

L= DM’ MclZCOOF7DEE o

The evolution is then determined by the growth of the core mass
as a result of hydrogen burning which, in a state of thermal
equilibrium, is given by

L=EXM,= M. = AgL, (32)

where

X. = envelope mass fraction of hydrogen,
E = the specific energy release and

Ay = hydrogen rate constant.

Thus

dM
dt

which upon integration gives

¢ = AuDM?, (33)

1
= [(p — DAuD(tins — D)1~

or

(34)

_P_
L= D[(p — DAuD(tins — )] 7P, (35)

so that the time evolution of either M, or L is given and we can then
simply find the other from the M_—L relation. Also, when L = Lggg
we have t = tggp, which defines the integration constant

p—1

1 D\ r
tinf = 1 : 36
of = Thos F AgD(p — 1) (LBGB) (50)

ISTU( ]

EZ(C [Fdouble power law |
L = min(BM{, DMY) (g <Dp), (37)
B _1
P—q
M, = (5) . (38)
L
[P — DAgD(tinsy) — D17 t=1t,
M.cg = 1 (39)
[(g — DAuB(tingp — D179 1> 1,
for tggp = t = tyer, Where
p—1
1 D p
tinf,1 = tBGB + & = DAuD (LBGB> (40)
I p—1
ty = tinf)1 — (tinf,1 — tBGB)( EGB) ! (41)
g—1
1 B\ 4
tinf2 = tx + (@ = DARB (L_x) : (42)

The GB ends at ¢ = tye1, corresponding to L = Lyer (see Section
5.3), given by

IHel = <

(

\

p—1

i D\ »
tinf1 — Ly <L,
"t (p — 1)AuD (LHeI) Hel

- (43)

(@ — 1)AuB \ Lyer

1 B\ 9
tinf2 — ( ) Lyer > Ly



EAGB7 4« w1 VT nRR(2

1| -
M, Z#&Ez 1 | |3=k2 ([ double power law |
6 M= Mus L= min(BM4,DM?) (g < p), (37)
715 m=25
B\r—q
M, = (—) . (38)
3 M= MHeF D
q =
2 M=25 1
— DAgD(tys1 — D1 P t=t,
B = max(3 X 104,500 + 1.75 X 10*M°5) M.y = [p = DAnDtits = ] 1 (39)
[(g — DARB(tinsn — )1174 t> 1,
< <<
(537+0.135¢ [= Do] M = My for 5 =1 = fner, Where
p—1
logD = ¢ max(—1.0,0.975Dy — 0.18M,0.5Dy — 0.06M) 1 D p
fin1 = 1B6B T 15| T (40)
\ M=25 @ — DAn BGB
p—1
L p
ty = tinf,1 — (finf,1 — tBGB)( EGB) (41)
‘AH—>AHe ‘ .
9-1
1 B\ ¢
and be converted to oxygen. Thus tinfo = Iy - ) 42
Y8 £,2 +(q—1)AHB( ) (42)

_ Sat0T5€a _ ¢ 10101 ergg!

15m(H) The GB ends at ¢ = tye1, corresponding to L = Lyer (see Section
5.3), given by
so that
( p—1
He = (EXge) ' =7.66X 107> Mo L' Myr ™ (68) finf 1 — ! = N
" (p — DAgD \ Ly
using Xy = 0.98. Although massive stars (M = 8) do not IHel = ¢ -1 . (43)
1 B\ ¢
tinfo — Lyer > L,
" (g — DAxB (Lﬁd) el



EAGB7 v 71

IRDRHT |

The radius evolution is very similar to that of the GB, as the
stars still have a deep convective envelope, but with some slight
modifications. The basic formula is the same,

Racs = ALY + byLP). (74)

where indeed b, and b, are exactly the same as for Rgg, and
bsy = bssb; for M = Myeg. Also, for M = Myer,

A = min(bs; M2, bssM~P5),
which gives
Rags = 1.125M %3104 4+ 0.3831°7%),

as an example, for Z = 0.02. For M < My.r the behaviour is
slightly altered, so we take

bso = b3
A= b56 - b57M

for M = My — 0.2 and linear interpolation between the
bounding values for My — 0.2 <M < My, which means
that for M = 1.0 and Z = 0.02 the relation gives

Racs = 0.95(1%% + 0.383L%74).

\

INT

|=B&IC IZdouble power law |
L=

min(BM{,DM¢) (g <p),

t<t,

L
[ — DAuD(tins1 — )11 7P
Mc,GB = i
[(g — DAgB(tims2 — 111749

for tggp = t = tyer, Where

t>t,

p—1
fut.1 = foGB + ——— =
inf,1 — ¢!BGB (p _ l)AHD LBGB

p—1
L p
ty = tinf,1 — (Binf,1 — tBGB)( EGB)
qg—1

Linf2 = Iy +

1 B\ g9
(g— DAgB\L,)

@37)

(38)

(39)

(40)

(41)

(42)

The GB ends at ¢ = tye1, corresponding to L = Lyer (see Section

5.3), given by

( p—1

1 D\ 7
tinf1 — Ly = L,
"t (p — 1)AuD (LHeI) Hel
THel = < -1
1 B\ g
t; — Lyer > L,
(™2 (¢ — 1AuB (Lﬁel) el

(43)



Problem of Hurlev S FF

- CHeB stars enter into GB
necessarily. d

log(L/Lg)

- But, EMP stars do not
necessarily enter into GB _
until their evolution finish.

- Since Hurley's code is
Intensively tuned, it is difficult
to adapt to EMP stars.

I?:Qp Il (Kinugawa et al. 20TH)
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Problem of Hurley's FF

Cad < {L

_JOL

Zad > CL

’ Common envelope

Blue
Kinugawa et al. (2014)

Mass transfer




Summary

- We will make FFs similarly to Kinugawa's FF.

- We have got stellar evolution data of Z/
/=108 made by Takashi Yoshida.

. First, we make FFs for Z/Z0=10-8, and
compare Kinugawa's FF.

. Next, we make FFs for other Z/Z5.



